Abstract. Two piecewise Hermite bicubic orthogonal spline collocation schemes are considered for the approximate solution of elliptic, self-adjoint, nonhomogeneous Dirichlet boundary value problems on rectangles. In the rst scheme, the nonhomogeneous Dirichlet boundary condition is approximated by means of the piecewise Hermite cubic interpolant, while the piecewise cubic interpolant at the boundary Gauss points is used for the same purpose in the second scheme. The piecewise Hermite bicubic interpolant of the exact solution of the boundary value problem is used as a comparison function to show that the H 1 -norm of the error for each scheme is O(h 3 ).
1. Introduction. We consider two piecewise Hermite bicubic orthogonal spline collocation schemes for the solution of the nonhomogeneous Dirichlet boundary value problem Lu = f(x; y); (x; y) 2 = (0; 1) (0; 1); u = g(x; y); (x; y) 2 @ ; (1) where @ is the boundary of and L is the elliptic, self-adjoint operator given by Lu = ? @ @x a(x; y) @u @x ! ? @ @y b(x; y) @u @y ! + c(x; y)u: (2) In both schemes, the approximate solutions, which are continuously di erentiable in and piecewise cubic in x and y, are de ned by collocating the di erential equation of (1) at the Gauss points. In the rst scheme, the approximate solution on @ is equal to the piecewise Hermite cubic interpolant of g, while in the second scheme the approximate solution on @ is equal to the piecewise cubic interpolant of g at the boundary Gauss points. Taylor's theorem and the Bramble-Hilbert lemma are used to bound the truncation errors for both schemes. Then energy inequalities, derived from the Peano representation of the remainder in the two-point Gauss-Legendre quadrature, are used to establish the uniqueness (and hence existence) of the collocation solutions and their rates of convergence for a su ciently small mesh size h of the partition of . It is shown that the H 1 -norm error bounds for both schemes are O(h 3 ), provided that the exact solution u of (1) belongs to H 5 ( ) in the case of the rst scheme, and H 5 ( ) \ C 4 ( ) in the case of the second scheme.
For the homogeneous Dirichlet boundary value problem ((1) with g = 0), the L 2 and H 1 norm error analyses of piecewise Hermite bicubic orthogonal spline collocation where the exponent 2 on h is known to be optimal 1].
An outline of the paper is as follows. Preliminaries are given in Section 2. The piecewise Hermite bicubic orthogonal spline collocation schemes are de ned in Section 3. The error analyses of the rst and second schemes are given in Sections 4 and 5, respectively. In Section 6, we consider a class of boundary value problems for which the existence and uniqueness of collocation solutions as well as derivations of the corresponding error bounds require no restrictions on the size of h.
2. Preliminaries. Let fx k g Nx k=0 and fy l g Ny l=0 be two partitions of 0; 1] such that x 0 = 0 < x 1 < < x Nx?1 < x Nx = 1; y 0 = 0 < y 1 < < y Ny?1 < y Ny = 1: It is well known that each u 2 C 1;1 ( ) has a unique Hermite interpolant u H . Moreover, the following approximation result was proved in 1] (see also 2]). 
Proof. The rst part of the lemma follows from Lemma 3.1 in 4]. The inequalities (6) and (7) are easily established using (2.6){(2.8) of 7], and the Poincar e inequality jjvjj H 1 ( ) Cjjrvjj L 2 ( ) for all v 2 H 1 ( ) that vanish on @ . 2 3. The piecewise Hermite bicubic orthogonal spline collocation schemes.
We consider two piecewise Hermite bicubic orthogonal spline collocation schemes for the boundary value problem (1). The schemes di er in the way the nonhomogeneous Dirichlet boundary condition is approximated. In the rst scheme, the collocation solution u I h 2 M is de ned by requiring that Lu I h ( ) = f( ); 2 G; Proof. We verify (16) for i = 0 only, since the proof for i = 2 is similar. Set f(x) = x m and g(y) = y n so that v(x; y) = f(x)g(y). Clearly,ṽ(x; y) =f(x)ĝ(y), wherê f andĝ are the Hermite cubic interpolants of f and g on 0; 1], respectively, that is, f;ĝ 2 P 3 , andf The following theorem gives a bound on the truncation error in the rst collocation scheme. Consequently, by (7) and (6) Clearly, on any side of , u GH is equal to the piecewise cubic Gauss interpolant of u with respect to x or y. Also, u GH = u H on all interior cells of the partition of (a cell I x k I y l is interior if its boundary does not have common points with @ ). However, in general, u GH 6 = u H on boundary cells of the partition of (a cell I x k I y l is a boundary cell if its boundary has common points with @ ). It is easy to show that each u 2 C 1;1 ( ) has a unique Gauss-Hermite interpolant u GH . In addition, we have the following approximation result. 
